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In this paper, we consider the paths, cycles and circular colorings of digraphs. Let D be a
digraph. We show that if the complement of D contains no directed Hamiltonian cycle,
then χc(D) = χ(D). Also, we give two results which concern directed paths meeting all
colors in digraphs with proper colorings.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
We adopt standard graph theory notation and terminology. We shall consistently use D to denote digraphs and G to
denote (simple, undirected) graphs. An edge ofG denoted by uv represents the edge joining the vertices u and v. In a digraph,
the arc uv has the initial vertex u and the terminal vertex v. All graphs and digraphs are simple, but we allow oppositely
oriented arcs uv and vu to belong to the arc set of a digraph. The theory of circular colorings of undirected graphs [1] has
become an important branch of chromatic graph theory with many exciting results and new techniques. We refer to the
survey article by Zhu [12]. Also, the notion of circular coloring was extended to weighted graphs and digraphs (see e.g. [8,
9]).
We follow the definition in [9]. Let S(r) be a circle of perimeter r . For two points u, v of S(r), let d(u, v) be the length of
the arc of S(r) from u to v along the clockwise direction. A vertex set S, S ⊆ V (D), is acyclic if the induced subdigraph D[S]
contains no directed cycle.
A weak circular r-coloring of a digraph D is a mapping f : V (D) → S(r), such that for each arc xy, either f (x) = f (y) or
d(f (x), f (y)) ≥ 1. Moreover, for any point u ∈ S(r), the color class f −1(u) is an acyclic vertex set of D. Then the circular
chromatic number of a digraph D is defined as follows:
χc(D) = min{r : D has a weak circular r-coloring}.
The definition of circular chromatic number of a digraph D leads to the definition of chromatic number χ(D) of D to be
theminimum integer k such that V (D) can be partitioned into k acyclic subsets. In otherwords,χ(D) is theminimum integer
r for which D has a weak circular r-coloring. Also, a proper k-coloring of D is an assignment of k colors, 1, 2, . . . , k, to the
vertices of D such that the set of vertices with the same color is acyclic. For any digraph D, we have the following theorem.
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Theorem 1.1 (Bokal et al. [9]). χ(D)− 1 < χc(D) ≤ χ(D).
If a digraph D is obtained from an undirected graph G by replacing each edge of G by a pair of oppositely directed arcs
joining the same vertices, then χc(D) and χ(D) are equal to the usual circular chromatic number and the chromatic number
(respectively) of the undirected graph G. From this point of view, χc(D) and χ(D) generalize the notions of the circular
chromatic number and chromatic number from graphs to digraphs.
Let EKk/d be the digraph with vertex set V (EKk/d) = {0, . . . , k−1}whose arcs emanate from a given vertex i to the vertices
i+ d, i+ d+ 1, . . . , i+ k− 1, with arithmetic modulo k. Notice that EKn/n−1 ' ECn is the directed n-cycle.
Theorem 1.2 (Bokal et al. [9]). χc(EKk/d) = kd .
An acyclic homomorphism of a digraph D into a digraph D
′
is a mapping φ : V (D)→ V (D′) such that
(1) for every arc uv ∈ A(D), either φ(u) = φ(v) or φ(u)φ(v) is an arc of D′ , and
(2) for every vertex v ∈ V (D′), the subdigraph of D induced by φ−1(v) is acyclic.
Theorem 1.3 (Bokal et al. [9]). A digraph D has circular chromatic number at most kd if and only if there exists an acyclic
homomorphism from D to EKk/d.
It is easy to check the composition of acyclic homomorphisms is again an acyclic homomorphism. We can also define
the circular chromatic number χc(D) of the digraph [9] as the minimum of all rational numbers kd (where k, d are positive
integers and d ≤ k) such that there exists an acyclic homomorphism from D to EKk/d.
Consider the following decision problem: For each fixed digraph F , does a given input digraph D admit an acyclic
homomorphism to F? Feder, Hell and Mohar [3] proved that this problem is NP-complete unless F is acyclic, in which case
it is solvable in polynomial time. It follows from this result that for any r > 1, it is NP-complete to decide if an arbitrary
digraph D satisfies χc(D) ≤ r [3].
2. A sufficient condition for χc(D) = χ(D)
A digraph D is complete if, for every pair x, y of distinct vertices of D, both xy and yx are in D. Let Dn denote the complete
digraph with n vertices. Let D = (V , A) be a digraph with n vertices, the complement of D is the digraph Dn − A.
For undirected graphs, graph G with χc(G) = χ(G) is of special interest. Some sufficient conditions are listed in [12]
under which a graph G has χc(G) = χ(G). For example, if the complement of a graph G is disconnected, then χc(G) = χ(G),
see [11]. And Fan [2] gave a new interesting sufficient condition as follows.
Theorem 2.1 (Fan [2]). If the complement of G is not Hamiltonian, then χc(G) = χ(G).
We consider the analogous problem in digraphs, and get the following result, which implies Theorem 2.1.
Theorem 2.2. If the complement of D contains no directed Hamiltonian cycle, then χc(D) = χ(D).
Now, we will prove Theorem 2.2. Let Zk = {0, 1, . . . , k− 1}. First, we will prove the following lemma.
Lemma 2.3. For digraph EKk/d with gcd(k, d) = 1, it holds that χc(EKk/d − {v}) < kd , for any vertex v.
Proof. Since EKk/d is vertex transitive, we can assume v = d. By Theorem 1.3, we only prove that EKk/d − {d} has an acyclic
homomorphism to a digraph EKk′ /d′ with k
′
d′ <
k
d . Let α be the smallest positive integer such that αd = 1(mod k). Let f be a
mapping from V (EKk/d−{d}) to Zk−α defined as f (i) = i− |{0 < t ≤ α : td ≤ i}|where the multiplication td is in the field Zk
and the order td ≤ i is the order of natural numbers. It is easy to verify that f is an acyclic homomorphism from EKk/d − {d}
to EKk′ /d′ , where k
′
d′ = k−αd− αd−1k =
k(k−α)
d(k−α)+1 <
k
d . Then χc(EKk/d − {d}) ≤ k
′
d′ <
k
d . 
Corollary 2.4. Suppose D is a digraph such that χc(D) = kd with gcd(k, d) = 1 and f : V (D)→ Zk is an acyclic homomorphism
from D to EKk/d. Then f is a surjective mapping from V (D) to Zk. In particular we have k ≤ |V (D)|.
Proof. An acyclic homomorphism f from D to EKk/d is a mapping from V (D) to Zk. If f is not surjective, then f is an acyclic
homomorphism from D to EKk/d − {v} for some v ∈ V (EKk/d). By Lemma 2.3, χc(D) ≤ χc(EKk/d − {v}) < kd , contradicting the
assumption that χc(D) = kd . 
A (k, d)-partition of D is a partition (X0, X1, . . . , Xk−1) of V (D) such that for each j, 0 ≤ j ≤ k− 1, Xj is an acyclic set, and
∀x ∈ Xj,∀y ∈ Xj+1 ∪ · · · ∪ Xj+d−1
there are no arcs from x to y, where the addition of indices is takenmod k. (Here it is allowed that Xi = φ). A proper k-coloring
of digraph D is simply a (k, 1)-partition, that is, a partition of V (D) into (V1, V2, . . . , Vk) such that each Vi is an acyclic set,
1 ≤ i ≤ k.
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Lemma 2.5. If χc(D) = kd and gcd(k, d) = 1, then D has a (k, d)-partition such that Xi 6= φ for 0 ≤ i ≤ k− 1.
Proof. Since χ(D) = kd , there is an acyclic homomorphism f from D to EKk/d. By the proof of Corollary 2.4, f is surjective. Let
Xi = f −1(i). Clearly, it is a (k, d)-partition of D such that Xi 6= φ for all 0 ≤ i ≤ k− 1. 
Lemma 2.6. If D is an acyclic non-empty digraph, then the complement of D has a directed Hamiltonian path.
Proof. Since D is acyclic, D has a unique acyclic ordering, v1, v2, . . . , vn such that the existence of an arc vivj in D implies
i < j. Clearly, in the complement of D, vn → vn−1 → · · · → v2 → v1 is a directed Hamiltonian path. 
Nowwe give the proof of Theorem2.2. By contradiction. Letχc(D) = kd with d ≥ 2 and gcd(k, d) = 1 sinceχc(D) < χ(D).
By Theorem 1.3, there is a acyclic homomorphism from D to EKk/d. By Lemma 2.5, D has a (k, d)-partition (X0, X1, . . . , Xk−1)
such that Xi 6= φ, 0 ≤ i ≤ k− 1. Since d ≥ 2, there are no arcs from x to y, ∀x ∈ Xi,∀y ∈ Xi+1, 0 ≤ i ≤ k− 1, where Xk = X0.
Thus in the complement of D, ∀x ∈ Xi,∀y ∈ Xi+1, there is an arc from x to y. Since each Xi is acyclic, then there is a directed
Hamiltonian path in the complement of Xi by Lemma 2.6, then there is a directed Hamiltonian cycle in the complement of
D. This contradiction completes the proof. 
By Theorem 2.2, we have the following two corollaries.
Corollary 2.7. If the complement of D is non-strong, then χc(D) = χ(D).
Corollary 2.8. Let D be a digraph with n vertices. If there is a vertex v with d+(v)(or d−(v)) = n− 1, then χc(D) = χ(D).
3. Directed paths meeting all colors in digraphs with proper coloring
Let D be a digraph with a proper k-coloring where k = χ(D) is the chromatic number of D. Directed paths: x1 → x2 →
· · · → xk and x′1 ← x′2 ← · · · ← x′k in D are called a colorful forward path and a colorful backward path, respectively, if for
each i, 1 ≤ i ≤ k, xi and x′i are assigned the color i.
The problems concerning paths meeting all colors in undirected graphs have been studied. The following well-known
and essential result due to Roy [10] and Gallai [5] independently gives a relation between longest paths and the chromatic
numbers.
Theorem 3.1 (Gallai–Roy [5,10]). Let D be an orientation of graph G. Then D contains a directed path on χ(G) vertices.
Let G be a graph with a proper coloring. A path x1x2 · · · xχ(G) in G is called a colorful path if each vertex xi is assigned the
color i for i = 1, 2, . . . , χ(G). Fung [4] considered the colorful path and proved the following result.
Theorem 3.2 (Fung [4]). Let G be a graph and let k = χ(G). For any proper k-coloring of G, there exists a colorful path.
Li [6] gave a generalization of Gallai–Roy Theorem as follows.
Theorem 3.3 (Li [6]). Let G be a connected graph and let k = χ(G). Then for any proper k-coloring of G and for any vertex v,
there exists a path starting at v which meets all k colors.
Lin [7] gave simple proofs of Theorems 3.2 and 3.3. And we generalize these two theorems in digraphs as follows.
Theorem 3.4. Let D be a digraph and let k = χ(D). For any proper k-coloring of D, there exist a colorful forward path and a
colorful backward path.
Theorem 3.5. Let D be a strong digraph and let k = χ(D). For any proper k-coloring of D and for any vertex x, there exist two
directed paths which meet all k colors, one starts at x and the other ends at x.
Proof of Theorem 3.4. For i = 1, 2, . . . , k, let Ci be the set of vertices which are assigned the color i in the given proper
coloring. Then by the definition, each Ci is acyclic and non-empty. Then let C
′
1 = C1 and for i = 2, . . . , k, define C ′i = {x ∈ Ci:
there is an arc from x to some vertex in C
′
i−1}.
Now we show that C
′
k is non-empty. For i = 1, 2, . . . , k− 1, define Di = C ′i ∪ (Ci+1 − C ′i+1). Clearly, each Di is an acyclic
set of D, and C
′
k is also acyclic. Then V (D) can be partitioned into k acyclic sets: D1,D2, . . . ,Dk−1, C
′
k. Since χ(D) = k, we
have that C
′
k is non-empty.
Choose xk ∈ Ck′. By the definition of each C ′i , we can choose xk−1 ∈ C ′k−1, xk−2 ∈ C ′k−2, . . . , x2 ∈ C ′2, x1 ∈ C ′1 successively
to get a colorful backward path: xk → xk−1 → · · · → x2 → x1.
Similarly, let C
′′
1 = C1 and for i = 2, . . . , k, define C ′′i = {x ∈ Ci: there is an arc from some vertex in C ′′i−1 to x}. We can
get a colorful forward path. 
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Proof of Theorem 3.5. We proceed by induction on χ(D). The result is trivial if χ(D) = 1. Let D be a strong digraph with
χ(D) = k ≥ 2. Suppose the result holds for strong digraphs with smaller chromatic numbers. Let x be any vertex of D
and let c be any proper coloring of D with colors 1, 2, . . . , k. Suppose that x is assigned the color i. Let U be the set of
vertices which are assigned the color i. Let D
′ = D − U . Then χ(D′) = k − 1. Let D′′ be a strong component of D′ with
χ(D
′′
) = χ(D′). Let y1 be a vertex of D′′ with the property that there exists a directed path: x → x′1 → · · · → x′p → y1
in D where x
′
1, . . . , x
′
p ∈ V (D) − V (D′′) and y2 be a vertex of D′′ with the property that there exists a directed path:
y2 → x′′1 → · · · → x′′q → x inDwhere x′′1, . . . , x′′q ∈ V (D)−V (D′′). Let c ′ be the coloring of c restricted toD′′ . Note that c ′ is a
proper coloring ofD
′′
with colors 1, 2, . . . , i−1, i+1, . . . , k. Note thatχ(D′′) = k−1. By the induction hypothesis, there exist
two directed paths y1 → y′1 → · · · → y′m and y′′1 → · · · → y′′s → y2 inD′′ whichmeet the colors 1, 2, . . . , i−1, i+1, . . . , k.
Thus the directed paths x→ x′1 → · · · x′p → y1 → y′1 → · · · → y′m and y′′1 → · · · → y′′s → y2 → x′′1 → · · · → x′′q → x
meet the colors 1, 2, . . . , k. 
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